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A subset G of a metrizable space M is a dense Gs iff there is a continuous bounded real-valued 
function defined on G which for no x E M - G can be extended continuously over G u {x}. A 
consequence of this is that a certain result of Lavrentiev has no measure theoretic analogue. 
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1. Introduction 
In this paper we prove the following 
Theorem 1.1. The following conditions on a subspace G of a metrizable space A4 are 
equivalent : 
(1) G is a dense G,; 
(2) there is a bounded continuous g : G + R! such that for no x E M - G one can 
extend g to a continuous function G w (x) + R (or, equivalently, such that o&f, x) > 0 
forxe M-G); 
(3) G is dense in M and there is a completely metrizable space T and an embedding 
e : G + Tsuch thatfor no x E M - G one can extend e to an embedding of G w (x) into T 
(Mere R! is the reals and osc(J x) is the oscillation of f at x, i.e., L 
osc(f, x) = lim sup{(f(y) -f<z)I: y, z E G, db, y) < E, dk d < ~1 F+o 
where d is some metric for M.) 
Remark 1.2. (a) The condition that M be metrizable is essential for the equivalence 
of (1) and (2): consider G = R and M = pR. 
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(b) It is well known that one needs T to be completely metrizable in (3): consider 
T = G = Q! (the rationals), and A4 = R, and e = idQ. 
(c) The fact that ( 1) and (2) are equivalent significantly strengthens for metrizable 
spaces the well-known fact that if G is a dense GA in a space X then there is a 
bounded f: X + R which is continuous at x iff x E G: the standard example has 
f r G constant, hence f i G can be extended continuously over X. 
(d) The condition that G be dense is essential in (3): consider G = T = {O}, and 
M={O}u{l), and e=id{,,). 
Our theorem completes work begun by Lavrentiev [2]. Consider the following 
statemern%: 
(I) Let A be a subspace of a space X, and let T be completely metrizable. For 
each continuous f: A -, T there is a G&-set 2 2 A in X such that .f can be extended 
to a continuous function Al+ T. 
(II) Let S and T be completely metrizable, and let A c S and B E T. If h : A + B 
is 3 homeomorphism, then there are G,-sets A 2 A in S and f? 2 B in T such that 
h can be extended to a homeomorphism A+ 6. 
(III) Let Icd be metrizable, let T be completely metrizable and let A s M. If 
e : A + T is an embedding, then there is a G&-set A 2 A in M such that e can be 
extended to an embedding of i into T. 
Lavrentiev proved (II), and (I) is implicit in his proof, see e.g. [ 1, 4.3.20 and 
4.3.21). Of course (III) is a consequence of (11). Our theorem shows that (I) and 
( II I), when properly interpreted, actually characterize dense GA’s. 
In order to explain the original motivation for our work we reformulate a special 
case of (I) as follows. 
(*) Let DS R be dense, and let f: D+R be continuous. Then there is a meager 
set C in R with CC R - D such that .f can be extended to a continuous function 
.f: R - C + R. (Meager = first category.) 
The original motivation for our work was the question of whether the measure 
theoretic analogue of ( * ) is true, i.e., if C can bc a null-set in ( * ). Since R has a dense 
&-subset which is a null-set. we have the following corollary to our theorem. 
Corollary 1.3. There is a dense null-set G in 08 and there is a continuous bounded 
g: G 44 such that for no x E R - G one can extend g to a continuous function 
GL~{x}+R. 
Hence the measure theoretic analogue of (*) dramatically fails. 
Is the theorem new’? 
Our theorem clearly belongs to classical ( =pre-1940) topology, and its proof does 
not use any modern tools, so there clearly is a chance that it is known. But the only 
comment concerning ( I ), ( I I) or (III) I have been able to find is [3], where it is 
shown that if A and B are dense in S and T, in (II), then the construction yields 
the biggest i and 6, i.e., if (A’, B’) is any pair of G6’c in S and T with A E A’ and 
B c B’ such that h can be extended to a homeomorp km A’+ B’, then A’s i and 
B’ E l?. This reference, and no other, is given in [2], 2nd also in the later source 
[$I. Also, I have consulted several knowledgeable m ematicians, and they were 
all fairly, or even very, positive that the theorem is new. 
2. Proof of pike theorem 
For the proof of our theorem we need 
Lemma 2.1. Le1’ Y be metrizable. Let FE Y be closed. Suppose E c Y satisjes FS 
l? - E. Tkn there are disjoint A,, , A, z E such that F = .q, - A,, i < 2. 
Proof. Let d be a metric for Y. For k c w choose a aximal subset MC, of F such 
that 
(1) d(x,y)a3-’ for distinct x,y~ MA. 
With induction on n we choose C,, E E, closed in p/.. as follows. Let n c o, and 
suppose CL known for k < n. Then M,* c E - &_ n CE,, hence for each x E M,, we 
can choose C(X)E E -Uk. II Cr, with d(x, c(x)) c 3 ” ‘. Put C,l = {c(x): XE M,,). 
Then d( _K z) >, 3-“- ’ for distinct y, XC,, because of ( 1 ). This completes the construc- 
tion. Define the .d, by 
A, = IJ C?,,+;, i <2. 
#l 
It is easy to see that ‘4,) and A, are as required. El 
Proof of Theorem 1.1. (2) + (1). G clearly must be dense, hence G is a dense G,, 
because of (I). 
(1) + (2). rhoose a sequence (F,,j,, of closed sets in M with 
M -G=U F,,. 
I1 
Because of Lemma 2.1 we can choose Aian c G for i < 2, n < W, such that 
A,,,,, A A,,,, = 8 and F,l = A ,+,, - A;,,, i > 2, for n < W. 
Then for each n < w both A,),,, and A,,,, are closed in M - F,,, hence we can find a 
continuous fin : M - F,, + [0, l] with 
A,_,, c_f,y{i}, i<2, n <CO. 
Define f: G + IR by 
f(x) = c Y’~,(x). 
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Then J is continuous by the Weierstrass M-test. We prove that osc(f, x) > 0 for 
VEX-G. Fix VEX-G, and put 111 =min{n: XE F,,}. Then VEX-F,, for n<m, 
hence we can find a neighborhood U of x in M such that 
Let V be any neighborhood of x 
.+.5-n foryE U-F,,. (1) 
in M. We can pick Yi E Ai,,,, n U n V, i c 2. Clearly 
f(Y1)= 2 5-nJ’(Y*)+5-t”+ C 5-nfn(Yl)a 1 5-‘~‘(Yl)+S-“‘. 
ncm ‘1 > ??I II -z m 
Since ( 1) implies 
c 5-‘UAY,) -.MYoH =a 5-“’ 
n c tn 
it follows that 
Consequently, osc(f, x) 2 t l 5-“‘. 
(2) + (3). That G is dense in M is clear. Let 6 and e : G + 6 be the completion 
of G and the inclusion, respectively. Let g : G + IF8 be such as in (2). By (I), there 
are a G6-subset T of 6 such that Gc T and a continuous bounded function 
g’ : T + R such that gr 1 G = g. Then T is completely metrizable, being a G,-subset 
of a 6, [ 1,4.3.23]. It is clear that T is as required because if there were an x E M - G 
for which e could be extended to a continuous e” : G u {x}+ T, then g’oe” : G u 
{x} + R would extend g. 
(3) + (1). It follows from (I) that G is a G6-subset of M. III 
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